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An interesting aspect of convective heat transfer is 
transpiration cooling, where in the simplest case the wall 
is made of a porous material to allow the injection or suc- 
tion of fluid through it. This effective method for cooling 
is especially important in protecting walls when heat 
transfer is intense, such as in combustion chamber walls 
and exhaust nozzles. Furthermore, it seems probable that 
porous walled flow reactors, which employ secondary 
transverse flows, will be used for a variety of applications 
in the future. Such reactors offer attractive features re- 
garding the control of concentration and temperature dis- 
tributions. 

Experimental investigation of flow over flat plates with 
suction or injection was carried out by Mickley et al. ( 5 ) .  
Eckert et al. ( 1 )  investigated the roughness effect of the 
wall on the velocity profile for turbulent flow in a channel 
with a porous lower wall, but heat transfer was not con- 
sidered. Yuan and Finkelstein (7) analytically studied 
heat transfer in laminar conduit flow with coolant injec- 
tion, and Yuan (6, 8) later analyzed turbulent heat trans- 
fer in a channel with suction or injection by assuming the 
axial velocity and the rate of injection and suction varied 
as an exponential function of axial distance. 

A simplified model of transpiration cooling in turbulent 
systems was adopted for the present investigation, where- 
in the secondary flow velocity is uniform. This is perhaps 
the simplest problem involving transverse flow with a 
turbulent main stream that one can consider, but it retains 
many of the essential features of more complicated systems 
and thereby provides useful design information regardillg 
both conduit and boundary-layer flows. Since no reliable 
experimental information is available, the mixing length 
used in previous studies (3 ,  4 )  was assumed to be applic- 
able here also. I t  is believed that the results will quali- 
tatively describe heat transfer in the turbulent region, and 
this is confirmed, partially at least, by the agreement be- 
tween the correlation of present analytical results and the 
correlation obtained by Mickley et al. ( 5 )  of their turbu- 
lent boundary-layer measurements. 

Fig. 1. Coordinate system. 

In reference 4 the mixing length expression used for 
the present study was employed to investigate heat trans- 
fer in the laminar-turbulent region, and it was pointed out 
that the Reynolds number at which transition takes place 
is uncertain since it depends on many factors. However, 
the velocity distributions obtained agreed rather well with 
experimental data ( 3 )  in the transition region, and the 
heat transfer results were qualitatively correct, which is 
believed to be the case for the present results as well. As 
before, the transition point in this study is N R ~  = 4,800, 
and curves marked with that value are for laminar flow. 
Roughly, the transition region here is for Reynolds num- 
bers from 4,800 to about 15,000. 

ANALYSIS 

The coordinates used are shown in Figure I, and the 
rates of fluid injection at the lower wall and suction at 
the upper wall are taken to be the same and constant. 
Fluid used for injection is the same as the fluid flowing in 
the channel, and constant fluid properties are assumed. 
Flow is fully developed, and the temperature distribution 
is linear and can be expressed by 

so that 

and 

T -  To := At 5 + d ( 7 )  (1) 

T w -  To = At8 + +(0)  

T - T w  
@=- 

At 
The momentum equation in dimensionless form is 

where Lm is assumed to be symmetrical about 7 = ?h 
and is given by 

Also, the continuity equation is 

.dU av -+-=o 
ap a7 

For fully developed flow, aU/ap = 0; then aV/a7 = 0, 
and the transverse velocity V = V,, is constant. Pressure 
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becomes a function of 
a constant so that 

only, and the pressure gradient is 

(3)  

If one integrates the momentum equation and then re- 
arranges it, the result is 

When one uses the conditions of no slip at the walls, 
U ( 0 )  = U (  1) = 0, the following expressions are obtained 
for C1 and C2: 

Since analytical solution of Equation (4) is inconven- 
ient, an iteration method is used to soIve for the velocity 
distribution. Integration of Equation (4) twice gives two 
equations, and with the following conditions 

U ( 0 )  = U(1)  = 0 ( 6 a )  

s: Udq = 1 ( 6 b )  

these equations can be used to solve for the constants Ci 

This equation can be reduced easily to a Sturm-Liouville 
system, but here only the asymptotic fully developed solu- 
tion will be determined. The entrance region problem 
and also the case of nonlinear flow are being investigated 
currently and will be reported at  a later date. 

When one applies the linear temperature expression 
and the dimensionless temperature 8, the energy equation 
becomes 

and 
8(i) = e(o)  = o (10) 

Integration of Equation (9) yields 

where 

Then from the boundary conditions, the temperature 
gradients at both walls are related by 

(: >, = (: l + 1  

and the solution to Equation (11) is 

B = e  

and Cz as 
V w S l s S  - s3 ( s 4 v w  - 1) 

s2sS - s 3 s 5  
c1= (7a)  

(7b) 
S2( s 4 v w  - 1) - SlS5VW 

c2 = 
s2sS - s 3 s 5  

where the S j ( i  = 1, 2, . . . , 6) are given in the Appendix. 
The energy equation in dimensionless form is 

Fig. 2. Effect of  blowing on velocity profiles. Solid lines represent 
N R ~  = 12, 120, and dashed lines represent laminar flow. 

P v  dn -i 

where 

($I,= 

- 

dr) 

(14) 

With the expressions given above, one can determine the 
velocity and temperature profiles. For this purpose the 
mixing length expression given previously (3, 4 )  was used, 
and the turbulent Prandtl number is taken as unity. 

Results for laminar flow can easily be checked with the 
analytical solution. To do this, Equation (4) is solved, and 
the velocity distribution is found to be 

(15) 
Z N R e w  [ 1 + ( eNRew - 1) r )  - e n N R e V ]  

U =  
( N R e w  f 2 )  f e N R e w  ( N R e w  - 2 )  

where the wall Reynolds number NRW is defined as 

Vol.. 10, No. 6 A.1.Ch.L Journal Page 897 



Fig. 30. Effect of blowing on laminar temperature profiles, N p ,  = 1. 

Dvw 
N R e w  = - 

Y 

Equation ( 15) was then substituted into Equation (9), 
and the solution of the energy equation was found to be 

8:- [9Q2 - y2Q4 + 43 - Q5 CNRew" + Q1 CNRewNPr'~]  
2 

0 6  

(1  - eNRewNPrr l )  (16) 
- (: >, 

N ~ c t l - N ~ r  

2 N ~ e w N ~ r  ( f ) o = ( e - N R r w N P r  - 1) 0. 
[ C N R e w N P r  ( 9 2  - Q1 + Q:3) - Q5 e N R e w ( l - N p r )  + QI] 

(17) 
e b ,  Q. (n = 1, . . . , 6 )  are given in the Appendix. 

These equations are used for checking the results of 
the laminar flow case, but the expression for o b  is not 
particularly convenient for computation when N P r  and 
N ~ e w  are large; for example NPT 

For the lower wall, N N ? ~  and the Fanning friction factor 
F are given by 

10 and N R e w  1 1. 

2hiD 
k NNul = - 

and 

e 
Fig. 3b. Effect of blowing on turbulent temperature profiles, N R ~  

= 7,688, N p r  = 0.01, 1. 

06 

Fig. 4. Effects of blowing and turbulence on 
wall velocity gradients, N p ,  = 1. 

where the wall heat flux is 

and the average temperature is defined by 

RESULTS AND DISCUSSION 

Results are presented in Figures 2 to 7, and numerical 
data on Nusselt numbers for various values of the param- 
eters are given elsewhere.* Figures 2 and 3 indicate that 
velocity and temperature profiles become more skewed 
with increased rate of cross flow, and Figures 3 show that 
for fluids with small N P ~  the effect of cross flow on tem- 
perature profiles is rather small, while for fluids with large 
N P r  this effect is pronounced. This occurs because the 
contribution of transverse convection is less important 
when fluids with high molecular conductivity are involved. 

As expected, the friction factor and N N .  decrease with 
injection and increase with suction. Figures 4 and 5 show 
the combined effect of cross-flow rate and turbulence on 
velocity and temperature gradients at the wall. The curves 
indicate that for constant N R e ,  temperature and velocity 
gradients at the walls decrease with increasing rate of 
fluid injection and increase with increasing rate of fluid 
suction. For a constant dimensionless cross-flow rate VZr, 

0 Tabular material has been deposited as document 8087 with the 
American Documentation Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may be obtained for $1.25 for 
photoprints or 35-mm. microfilm. 
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Fig. 5. Effects of blowing and turbulence on 

wall temperature gradient. 
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Fig. 6. The variation of wall velocity gradient 
with respect to Reynolds number. 

as N R e  increases, the effect of cross flow on the gradients 
decreases first and then increases when N R e  becomes SUE- 
ciently high. This is due to the interplay of turbulence and 
the effect of injection and suction of fluid on the wall layer. 

At the lower wall, injection tends to decrease the wall 
velocity gradient, and at the upper wall suction tends to 
increase it, whereas turbulence flattens the velocity profile 
and makes both wall velocity gradients larger. From the 
calculation of velocity profiles for various N R e  with no 
blowing, the increase of the wall velocity gradient is 
known to be much greater in the transition region than in 
the high N R e  region as shown in.Figure 6. Therefore, in 
the low N R e  region, the effect of turbulence on wall vel- 
ocity gradients is more important than that due to suction 
and injection. At the upper wall, the effects of suction and 
turbulence on wall velocity gradients complement each 
other, while at the lower wall the reverse is true. There- 
fore, in the lower N R e  region, the effect of N R e  counteracts 
the influence of Vw on the wall velocity gradient, but when 
N R e  is sufficiently high, the decrease in the thickness of 
the wall layer is small compared with the increase in N R e ;  

thus the effects due to injection and suction become domi- 
nant, and as a result the role of N R e  is to increase the im- 
portance of V, on the wall velocity gradient. However, 
the N R e  effect in this region is small compared with that 
in low N R e  region. 

An alternate description is that turbulent diffusion 
diminishes the effect of cross-flow convection, but the in- 
tensity of turbulence increases more slowly than the in- 
crease in transverse convection which occurs when N R e  
increases for a given V,, fluid, and conduit. That is, ini- 
tially turbulent diffusion increases rapidly (say just above 
the laminar region), but as N R e  continues to increase, tur- 
bulent diffusion is offset by transverse convection. 

In Figure 4 the ordinate also expresses the ratio of fric- 
tion factor with blowing to that without blowing. The 
average value of this ratio for the upper and lower walls 
increases with increasing cross-flow rate. 

Figure 5 shows the effect of blowing on wall tempera- 
ture gradients for fluids of N P r  = 1 and 10. For fluids with 
high N P r  the wall temperature gradient is greatIy affected 
by cross flow. The effects of N R e  and VW are very much 
like that of Figure 4 and were already discussed in previ- 
ous paragraphs. 

The Nusselt numbers are tabulated elsewhere" for vari- 
ous N R e  and N P r .  Examination of these data shows that 
N N ~  increases with suction and decreases with injection of 
fluid. For fluids with low N P ~  the effect of cross flow on 
N N ~  is very small, while for fluids with high N P r  this effect 
is prominent. This may be due to the difference in laminar 

* See footnote on p. 898. 

wall-layer thickness. Since for high N P ~  fluids the main 
resistance to heat transfer is caused by this layer, dis- 
turbances in this layer naturally will show a large effect. 
The average N N ~  of lower and upper walls increases 
slightly with increasing cross-flow rate. 

One interesting aspect of the present study is the ap- 
plication of the present results to turbulent boundary-layer 
flow over a flat plate with suction or injection of fluid. 
Mickley et al. ( 5 )  analyzed the boundary-layer flow by 
film theory and obtained in terms of the ratio of the heat 
transfer coefficients with blowing, h, to that without blow- 
ing, ho 

( 2 2 )  
h # -=- 

h a  @'-  1 

v w  1 p v w c p  #=--=- 
U S  N s t o  h a  

and us is the main stream velocity. This equation is in the 
same form as that derived for the laminar Couette flow with 
a constant rate of injection and suction at  the walls (2). 
For the latter case, the parameter +' is defined to be 

where 

# = N R e w  N P r  

Experimental data of Mickley et al. for turbulent bound- 
ary-layer flow over a flat plate with injection or suction of 
fluid were correlated by Equation ( 2 2 ) .  The data show 
some scatter on both sides of the curves. 

Results of the present analysis were correlated in Fig- 
ures 7 for the cases of N P r  = 1 and 10. The points repre- 
sent computed values and the solid curves represent the 
following equation: 

h 
h, ( eNRewNPr - 1) 

Vw A was used as the abscissa. The figure shows that 

except for N R ~  = 4,800 the computed h/ho for both N P ~  
can be represented closely by Equation ( 2 2 ) .  For injec- 
tion the equation defines the upper limit, while for suction 
it defines the lower limit. Since velocity profiles are not 
symmetric and displacements are most pronounced in the 
laminar case, the results were corrected by multiplying 

( 2 3 )  
N R ~ ~  N P r  - -- 

1 
N s t o  

7688 o 7688 

I 0  10 

V. /Nst, 

Fig. 7. Ratio of heat transfer coefficients with 
and without blowing VS. V d N s t o ,  N p r  = 1, 
10. Times sign in a circle represents the lami- 
nar case N p r  = 1 and NRe = 4,800 with 

the abscissa multiplied by Urn. 

Vol. 10, No. 6 A.1.Ch.E. Jourhal Page 099 



the abscissa by Um. This correction as shown on Figure 7 
is reasonably good. 

Since heat transfer coefficients for the no blowing case, 
ho, have been well established, the following correlation 
equation can be used to estimate the heat transfer coeffi- 
cients for turbulent forced convection with transverse 
flow in conduits: 

h - Qd’ 
h o  P@’- 1 (24) 
-_- 

where 
L 

1.1 
DL = - for injection 

1 
1.2 

a = - for suction 

This is a remarkably simple result which should provide 
reasonable estimates for design purposes. 

NOTATION 

A, At = axial temperature gradients, A N P ~ ,  = At 
D 
F = Fanning friction factor 
h = heat transfer coefficient 
ho = heat transfer coefficient with no transverse flow 
Lh,  Lm = dimensionless mixing length of heat and mo- 

P = dimensionless pressure, p / p U b 2  

q = heat flux 
T = temperaturc 
To = reference temperature 
Tn = dimensionless temperature, T / A t  
u ,  u = axial and transverse velocities 
u* = friction velocity 
u = dimensionless axial velocity, U / U b  
V = dimensionless transverse velocity, U / U b  

x, y = axial distance and transverse distance from wall 
ym+ = dimensionless transverse distance, ( D  U” ) / 2 u  

Greek Letters 

p 
7 
0 

p = viscosity 
v = kinematic viscosity 

= distance between the plates 

mentum, that is mixing length divided by D 

= dimensionless axial distance, x / D  
= dimensionless distance from the lower wall, y/D 
= dimensionless temperature, [+ (7) -4 (0) ] / A t  = 

T” - T * w  

5 = x / D N P ~ ~  
= density 
= temperature function defined by Equation (1) d, 

Dimensionless Groups 
X N ,  = Nusselt number, 2hD/k 
NPe = Peclet number, NReNPr 
NPeo = NReoNPr 
N P ~  = C p p / k  
NRe = Reynolds number, 2 D u b p / p  
NReo = D U b p / p  
NRew= DVW/V 
Nsto = Stanton number, p C p v m / h o  

Subscripts 
b = average 
m =  maximum 
w = wall 
1 = lower wall 
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APPENDIX 

The values of Sj ( i  = 1, 2, . . ., 6 )  used in Equations (?a )  
and ( 7 b )  are given by 

The expression for the bulk mean temperature 6% is 

Qj  ( eNRew - 1) 

N R ~ U ; ~  
+ [eNRezu ( N R e w  - 1) + 11 
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and the values of Q. ( n  = 1, . . ., 6 )  are given by 

1 ( eNRew - 1 )  
Q L  = + 

N ~ e w N ' p r  + N ' R ~ w N ' P ~  

Vapor Phase Activity Coefficients and 

Standard State Hypothetical Vapor 

Fugacities for Hydrocarbons 
DWIGHT S. HOFFMAN, J.  REED WELKER, V. N. P. RAO, and JAMES H. WEBER 

University of Idaho, Moscow, Idaho 

In an earlier paper Hoffman et al. (1 )  discussed a 
method for predicting the vaporization equilibrium ratios, 
defined as y/x, for the components of a multicomponent 
mixture through use of standard state liquid fugacities, 
standard state vapor fugacities, liquid phase activity co- 
efficients, and vapor phase activity coefficients. As used 
here and throughout this paper, standard state fugacity 
means the fugacity of a pure component at the tempera- 
ture and pressure of the system. The relationship among 
these variables has been shown to be 

James H. Weber is at the University of Nebraska, Lincoln, Nebraska. 
J. Reed Welker is with the Oil Recovery Corporation, Norman, Oklahoma. 

ACTIVITY COEFFICIENTS 

A- METHANE IN PROPANE 
B- PROPANE IN METHANE 

TEMPERATURE = 40 F 

1.0 0.0 i-=-i 0.2 0.4 0.6 0.8 1.0 

MOLE FRACTION METHANE IN VAPOR 

Fig. 1. Vapor phase activity coefficients in the 
methane-propane system. 

and 

7 A C T I V I T Y  COEFFICIENTS 

A-ETHANE IN n-PENTANE 
8-n-PENTANE IN ETHANE 

TEMPERATURE = 220 F 

1.1 

1.0 
0.0 0.2 0.4 0.6 0.8 1.0 

t 
1.0 
0.0 0.2 0.4 0.6 0.8 1.0 

MOLE FRACTION ETHANE IN VAPOR 

Fig. 2. Vapor phase activity coefficients in the 
ethane-n-pentane system. 
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